The longitudinal structure function F L (x, Q 2 ) is extracted at low values of the Bjorken variable x from the Berger-Block-Tan parametrization of F 2 (x, Q 2 ). The obtained F L (x, Q 2 ) does not violate the high-energy asymptotic Froissart boundary and is in a reasonable good agreement with the available experimental data.
Introduction
The nonperturbative corrections in the deep inelastic structure functions (SF) at small values of the Bjorken variable x were expected to play an important role. However, it has been observed that even in the region of low momentum transfer Q 2 ∼ 1 GeV 2 , where traditionally the soft processes were considered to govern the cross sections, the perturbative QCD (pQCD) methods have been found to be quite adequate in description of such processes at moderate and low x, cf. Ref. [1] . It should be noted, nonetheless, that at extremely low x, x → 0, the pQCD evolution provides a rather singular behaviour of the parton distribution functions (PDF) (see e.g. Ref. [2] and references therein quoted), which strongly violates the Froissart boundary [3] . In Ref. 2 ) (see also Refs. [5, 6] ) which describes fairly well the available experimental data on the reduced cross sections and, at asymptotically low x, provides a behaviour of the cross sections ∼ ln 2 1/x, in an agreement with the Froissart predictions [3] . This parametrization is also relevant in investigations of ultra-high energy processes, such as scattering of cosmic neutrino off hadrons (see [5, 6, 7] ). It should be noted that, in case of neutrino scattering other two SF's, the pure valence distribution F 3 (x, Q 2 ) and the longitudinal SF F L (x, Q 2 ), are relevant to describe the process. While at low values of x the valence distribution F 3 (x, Q 2 ) vanishes, the longitudinal SF F L (x, Q 2 ) becomes predominant. Thus, a theoretical analysis of the longitudinal SF F L (x, Q 2 ) at low x, in context of fulfilment of the Froissart booundary, is of a great importance also in ultra-high energy processes.
In the present paper we investigate the behavior of the longitudinal SF F L (x, Q 2 ) at small x by employing the parametrization of F 2 (x, Q 2 ) presented in Ref. [6] within an approach previously suggested in Refs. [8, 9, 10, 11] . We demonstrate that, the small x behavior of F L (x, Q 2 ) can be directly related to F 2 (x, Q 2 ) and, consequently, can be determined via known parametrization [6] .
Approach
At the leading order (LO) of perturbation theory the SF F 2 is expressed through the quark density
where e is the average charge square and n f is the number of flavors. The longitudinal F L (x, Q 2 ) relates both the quark and gluon densities, which obey in-turn the famous DGLAP equations [12] 
where q 2 = −Q 2 and x = Q 2 /2pq (p being the momentum of the nucleon) denote the momentum transfer and the Bjorken scaling variable, respectively, a s (
L,a (x), are the LO splitting and coefficient functions, respectively, and β 0 is the first coefficient of the QCD β-function. The symbol ⊗ stands for a shorthand notation of the convolution formula.
Equations (1), (2) and (3) lead to the following relations (in the leading order)
The system of equations (4)- (5) could be solved with respect to two unknown quantities, say,
, if the third one (in our case the SF F 2 (x, Q 2 )) were known from some independent considerations, e.g. from known experimental data. In the present paper we suggest to use the parametrization of F 2 (x, Q 2 ) by Berger-Block-Tan [5, 6] (in what follows referred to as F BBT 2 (x, Q 2 )) which describes fairly well the recent experimental data [13] and which, at x → 0, obeys the Froissart requirements [3] . In the region of our interests, i.e. for x < 0.01 and 0.15
where the logarithmic terms L are defined as
and the remaining ones are as follows 
Now, by considering
2 ) as known, we are in a position to solve the system (4)- (5) with respect to the longitudinal SF F L (x, Q 2 ). For the sake of consistency with the Froissart boundary condition, the SF F L (x, Q 2 ) is sought in the same form as F
It should be noted that, in spite of at the first glance the above equations are relatively simple, direct solving of (4)- (5) turns to be rather complicate and cumbersome. However, one can substantially simplify the calculations if one considers Eqs. (4)- (5) in the space of Mellin momenta, by taking advantage of the fact the convolution form f 1 (x) ⊗ f 2 (x) in x space becomes merely a product of individual Mellin momenta of the corresponding functions in the space of Mellin momenta.
Mellin transforms
The Mellin transform of the ingredients in Eqs. (4)- (5),
which result in the following system of equations for the corresponding momenta
where the LO anomalous dimensions γ 
L,a (n) (a = q, g) are
with Ψ(n) as the Euler Ψ-function. Eventually, inserting Eqs. (16) and (17) in to (14) and (15) one obtains (cf., also Ref. [10] )
where
The BBT Mellin transforms
Expression (18) is the desired equation to be solved to find the parameters C i (x, Q 2 ) in Eq. (11) and, consequently, to reconstruct the longitudinal SF F L (x, Q 2 ). Inserting (6) and (11) in to (12) and restricting oneself to small values of x, i.e. considering only the first Mellin momenta n = 1 + ω with ω → 0 (the limit ω → 0 corresponds to low values of x), one obtains the desired Mellin transforms M k (n, Q 2 ). Explicitly they read as
and
In the above equations the quantities S i (ν) are related with the Euler Ψ(1 + ν)-function and its derivatives
where γ E is the Euler constant and ζ i are the Euler-Riemann ζ-functions.
The further strategy of finding the quantities C i (Q 2 ) in Eq. (21) is as following: inserting Eqs. (22)-(24) in to (18) and equating the coefficients in front of 1/ω-singularities in both sides of Eq. (18) one finds the sought coefficients C i (Q 2 ) expressed via the BBT parameters (9)- (10) and momentum transfer Q 2 . After some algebra, the final result is
2 In a full analogy with the extraction [14] of the gluon density. In Fig. 1 we present an example of the extracted SF F BBT L (x, Q 2 ) at a fixed value of the invariant mass W 2 = (p + q) 2 in comparison with the available experimental data of the H1-collaboration taken from Ref. [15] . The shaded area represents the uncertainties in the BBT parameters, cf. Eq. (10) . It can be seen that the suggested extraction procedure describes fairly well the data, especially in the interval Q 2 > 5 GeV 2 . At lower values of the momentum transfer Q 2 < 5 GeV 2 the nextto-leading (NLO) corrections and their resummation (see, e.g. Ref. [16] ) become rather important. An analogous analysis of the F BBT L (x, Q 2 ) at low x and Q 2 with NLO taken into account will be presented elsewhere.
Summary
In summary, we determine the longitudinal SF F
2 ) at low values of the Bjorken variable x. The corresponding structure functions obey exactly the Froissart boundary restrictions and can be used in investigations of ultra-high-energy scattering. Our calculations have been performed in the LO of pQCD. As a next step, we plan to take into account the NLO corrections in a similar manner as in Ref. [11] . Since such corrections are predicted to be large and negative, their resummation [16] is expected to improve substantially the agreement of the extracted F 
